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Vi, i ∈ N mp|KqXn)ac!m%£ﬀupv¥ﬀ¦a§±c!m%§xtGﬀnp|Kv±uoc'm5ycM§±|Kvxm
pi(y)
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Vi, i = 1, ..., n.
^_ac¼|Kqa§¯lÉmompsab$ynpv±|KqÉvxmnp_]ﬀnM¨I|KugcGŁ_









Vj, j 6= i) v±m¦amp|§±synpc'§xl.Ł!|KqXn©vxqNsy|Ksam ª v¯n©_
upc'moTc!Ł!nen©| n©_yc3¾0c!¦Tc!mpKsac$b$cGmosaupc$qa np_acŁ'|Kqayvxn©vx|Kq]§ac'qympvxn¶l







































































































|Kupac!un©|Ł'|Kb$asynpcnp_ac Lgc'§¯n ? ac!upvx£ﬀﬀnpvx£c
ª
vxn©_«upc!mpc'Łn,np|np_ac3vxqavxnpv¥§Ł'|qaavxnpv±|KqA
















(Ω,F , P ) % mosa¦ σ− §±c'¦aup G ⊆ F qaº
mpc'wVsac!qaŁ'c,|¨ﬂupqaa|b£ﬀupv±¦a§xc'm
Vi, i ∈ N ¿ ¡ c
ac!qa|n©c Gi = G ∨ σ(Vj, j 6= i) ¿  sau




i ∈ N 
ª














A ∈ G ª _av±Ł_ ª v±§x§¦c  µc'n©_yup|Ksa_


























< ∞ ¿ ¡ cmompsab$cgnp_]ﬀn
 Â{Å  Á :
	
Vi ∈ L(∞)(A)  i ∈ N 
4|u$c'Ł_




i (ω) < t
1
i (ω) < . . . < t
ki
i (ω) < t
ki+1




























tji , j = 1, . . . , ki
¿
¡
cac]qac Ck(Di) np|·¦c,n©_ycmpcnM|¨n©_ac,b3c'mpsau ´
¦a§±c>¨IsyqaŁ!npv±|Kqam
f : Ω× R → R mpsaŁ_ n©_]ﬀn'0¨I|Ku




j = 1, . . . , ki
Rn©_ac¼§xc!¨An_aqa mpvxacqaÉnp_ac
upv±_VnD_]qy mpv±ycg§±vxb3v¯n©m
f(ω, tji(ω)−), f(ω, tji(ω)+)
c yvxmon)ﬀqa uoc ]qav¯n©cF?I¨I|Ku
j = 0
qa











f(ω, tji(ω)−)− f(ω, tji (ω)+)
)
+f(ω, bi(ω)−)−f(ω, ai(ω)+) . ?  A
4|u
f, g ∈ C1(Di) µn©_ac
v±qXnpc'Kupﬀn©vx|Kq ¦Xl ]un©m¨I|Kupbsa§¥>Kv¯£Kc!m∫
(ai,bi)
f g′(ω, y) dy = Γi(f g)−
∫
(ai,bi)














n, k ∈ N ¿ ¡ c·yc'qa|npc·¦Xl Cn,k np_ac·Ł!§¥mom|¨%np_ac G × B(Rn) b3c'mpsaup¦a§xc
¨IsaqaŁ!npv±|Kqym
f : Ω× Rn → R mosaŁ_²np_]ﬀn Ii(f) ∈ Ck(Di)  i = 1, . . . , n  ª _ac!upc
Ii(f)(ω, y) := f(ω, V1, . . . , Vi−1, y, Vi+1, . . . , Vn) .
êê/Ì
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c ac'qy|n©c6¦Xl Cn,k(A) n©_ac6mo]Ł!c |¨n©_ac$¨IsaqaŁn©v±|qam f ∈ Cn,k mpsaŁ_
n©_]ﬀn¨I|uc!£Kc!uol
0 ≤ p ≤ k qac!£c'uol α = (α1, . . . , αp) ∈ {1, . . . , n}p 
∂pαf(V1, . . . , Vn) ∈ L(∞)(A)
¿
^_ycMT|v±qXn©m





















i ∈ N )- '832
)73
! !#
/  ﬀ Vi /))- 	N88'  Gi
& 5(!*:!* '8)  
(ai, bi)






 )-	N4 &  Gi×B(R) ﬃ,:	<5!& ﬀ" '7 pi = pi(ω, x) ﬁ'8- )-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f : R → R 
  8:ﬃ,4-

pi ∈ C1(Di) 














































i ∈ N ª c>Ł!|Kqamov±ac!uM Gi × B(R) ´¶b$cGmosau©¦y§±c,qaÉ|Kmpv¯n©v¯£Kc
¨IsaqaŁ!npv±|Kq








pii ∈ L(∞)(A) 






















































qa6mo|Kb3c G ×B(Rn) ´ b3c'mpsyu©¦a§xcr¨IsyqaŁ!npv±|Kq f : Ω×Rn → R
mpsaŁ_n©_]ﬀn
F = f(ω, V1, ..., Vn) .
¡ cac'qa|ﬀn©cM¦Xl S(n,k) np_acMmo]Ł'cg|¨0n©_acmpvxb3a§xcr¨IsyqaŁ!npv±|Kq]ﬀ§±m mpsaŁ_ n©_aﬀn f ∈ Cn,k qa
S(n,k)(A) ª vx§±§T¦Tcn©_ycemo]Ł!ce|ﬀ¨np_ac









(ω, V1, . . . , Vn)





















Ui(ω) = ui (ω, V1(ω), . . . , Vn(ω)) ,
ª
_ac'uoc
ui : Ω×Rn → R, i ∈ N uoc G ×B(Rn) ´¶b$cGmosau©ﬀ¦a§±c¨IsaqaŁn©vx|Kqam'¿ ¡ crac'qa|ﬀn©c
¦Vl P(n,k) ?Iupc'moTc!Ł!npvx£Kc!§xl P(n,k)(A)) n©_ac3mp]ﬀŁ'c6|¨np_ac·mov±b$a§±c$auo|µŁ!c'mpmoc'm¼|¨%§±c'qyn©_
n
mosaŁ_¸n©_]~n
ui ∈ Cn,k  i = 1, . . . , n ? uoc'moTc!Ł!n©v¯£Kc!§xl ui ∈ Cn,k(A)  i = 1, . . . , n) ¿
d|npv±Ł'c np_]ﬀn3vx¨










〈U, V 〉pi :=
n∑
i=1





















(ω, V1(ω), . . . , Vn(ω)) 1Di(ω)(Vi) ,
DF = (DiF )i≤n ∈ P(n,0) .
êê/Ì
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 Á ﬁ  ﬂ ﬂIﬀ­ Å ya  Á  Á  yG   	 Evx£c'q
F = (F 1, . . . , F d)

















 Á  Å  Å  Å Æ  T Á \ ﬂ 	D¡ ceyc ]qac












(pii ui) + (pii ui) ∂ ln pi
)




















F = f(ω, V1, . . . , Vn) ∈ S(n,0) qa
U = (ui(ω, V1, . . . , Vn))i=1,...,n ∈ P(n,0) ª
ceac]qac
[F, U ]pi =
n∑
i=1







(f × ui)(ω, V1, . . . , Vj−1, tji−, Vj+1, . . . , Vn)(piipi)(ω, tji−)


















i+) = pii(ω, t
j
i−) = 0, i = 1, . . . , n, j = 1, . . . , ki
?;5A













[F, U ]pi = 0
ﬀﬂ	 6
	
F ∈ S(n,1) 
32 U ∈ P(n,1)    -	N /)!)!   
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  Å {Å I  Å  	  
F ∈ S(n,1) 
32 U ∈ P(n,1)   (5(()-
 ﬀﬂ	,6
	 i =
1, . . . , n
E(|F δi(U)|1A) + E(pii(ω, Vi) |DiF × Ui|1A) < ∞. ?I A

-
E(|[F, U ]pi|1A) < ∞ 
32
E(〈DF, U〉pi 1A) = E(F δ(U) 1A) + E([F, U ]pi 1A) .
?: A
 ﬀ	F-!#247	 )-

















































∂if × (pii ui)× pi







f × (∂i(pii ui)× pi + (pii ui)× ∂pi))
= Γi(Ii(f × ui)pii pi)−
∫ bi
ai





(|ui ∂if | pii pi)(ω, V1, . . . , Vi−1, y, Vi+1, . . . , Vn) dy < ∞ ,∫
R
(|f(∂i(pii ui) + pii ui∂ ln pi)| × pi)(ω, V1, . . . , Vi−1, y, Vi+1, . . . , Vn)dy < ∞ ,
¨I|Ku)§±b$|Kmnc!£c'uol
ω ∈ A ¿Dkµ|¼n©_ace¦|[£Kc
v±qXn©c!Ku©ﬀ§±mb3
>cmoc'qamoc¿kNv±qaŁ!c
Γi(Ii(f × ui) pii pi) vxm%n©_ac
mpsyb/|¨np_ac'mocen ª |$v±qXn©c!Ku©§xm ª c§xmp|¼|K¦µnvxq










(pii ui ∂if)(ω, V1, . . . , Vi−1, y, Vi+1, . . . , Vn) pi(ω, y) dy



















1A (|pii Q|+ |∂Vi(pii Q)|)1+η
)
< ∞ , i = 1, . . . , n , ?:5A
ﬀﬂ	9(ﬃ,
η > 0  
-)ﬀﬂ	 6
	
F ∈ S(n,1)(A)  U ∈ P(n,1)(A) + @-












  Å Å  	¡ c5}osamn_a[£cenp|Ł_ac'Ł8> n©_aﬀn
F
qa
U˜ = Q U
mpﬀn©vxmo¨Al ? 5A¿ ¡ ce_a[£c
|δi(Q U)| ≤ |∂Vi(pii Q)| |Ui|+ |pii Q| (|∂ViUi|+ |Ui| |∂ ln pi|) .
kµv±qaŁ!c
U ∈ P(n,1)(A) ,|Kqac _]ﬀm Ui, ∂ViUi ∈ L(∞)A
>qy¤¦Xl=_VlN|n©_yc'mpvxm µ¿ÓN
∂ ln pi ∈ L(∞)A ¿ kµ|a½sampvxqa ?: A δi(Q U) ∈ L(1+)A qy mpv±qyŁ'c F ∈ L(∞)A  ª c
|K¦ynﬀv±q




















ª L := δ(D) :



















   
	
 
F, G ∈ S(n,2) 
32 A ∈ G.   (5((.)-
 ﬀﬂ	 6
	
i = 1, . . . , n
E [(|F LiG|+ |G LiF |+ pii |DiF ×DiG|) 1A] < ∞ .

-
E (|[F, DG]pi| 1A) < ∞  E (|[G, DF ]pi| 1A) < ∞ 
32
E(F LG 1A) + E([F, DG]pi 1A) = E(< DF, DG >pi 1A)
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F = (F 1, . . . , F d)

F i ∈ S(n,1)(A)   -



























))   
F ∈ S(n,1)(A) 
32 U ∈ P(n,1)(A)   - FU ∈ P(n,1)(A) 
32




F ∈ S(n,1)(A) 
32 G ∈ S(n,2)(A) - F DG ∈ P(n,1)(A) 
32
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L2pi,n(A)
  )-,'!&("	8  ﬀ P(n,0) /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i = 2, . . . , n 
 
 /D ﬃ  5 "	 '





a1 = 0, b1 =
∞ 
32 )-	N 




fn(x) = 1 −
nx
ﬀﬂ	





x ≥ 1/n    5 
! ( u1(x) = 1 −
x
ﬀﬂ	





x ≥ 1 
32 /	) - 2

!*)7,ﬀﬂ	ﬃ "!#
E(〈DFn, U〉pi) = E(Fn δ(U)) + E([Fn, U ]pi)   
) '8
[Fn, U ]pi = 1

32
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	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0 = s0 < s1 < . . . < sn = s  
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&.&  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3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Vi = B(si)−B(si−1) 
i = 1, . . . , n  
- 6
	5!&8  /0-"'8- )- '










pi(ω, y) = (2 pi (si − si−1))−1/2 exp




32 -F"!)! !*)ﬃ ) 
+) %)7 D-	N /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)" ) ( /D  5
ai = −∞, bi = ∞ 
32 ki = 0   )ﬀ F = f(V1, . . . , Vn), -


















pii DiF DiG =
∫ s
0


















(∂iui(V1, . . . , Vn) (si − si−1)− ui(V1, . . . , Vn)Vi) .
 










[F, G]pi = 0
 - '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G ∈ ΘF (A) m0n©|rupqaa|b=avxupc'Łn©vx|Kq







 ÁNÅ  Á  	  
F = (F 1, . . . , F d) ∈ Sd(n,2)(A)

32
G ∈ ΘF (A) 



























































G = σF ×Q  ª ce|K¦yn©v±q























































det σF 6= 0 |Kq A qy ª c·ac'qa|ﬀn©c·¦Xl γF = σ−1F
¿ ¡ c·§±mo|
mpmosab3cnp_]ﬀn
pil (det γF )
2, pi′l det γF , pil pi
′
l (det γF )
2 ∈ L(1+)(A) a¨I|Kuc£Kc'ul








(|pil| (det γF )2 + |pi′l| (det γF + |pil| (det γF )2))1+η] < ∞ . ? K A





     -!#247	 
32
F ∈ Sd(n,2)(A) 









G = σF × Q ª v¯n©_ Q = γF × G ¿ ¡ c ª upv¯n©c
γijF = σ̂
ij





vxm.np_ac«§±c'¦auov±Ł Ł'|b3a§xc'b$c'qXnG¿  n.¨I|K§x§±|
ª
m6n©_aﬀn





¾0cn,symeŁ_yc'Ł8> n©_]~n ?: AM_a|§±amMnpupsac¼¨I|Ku
Qi






i ∈ L(∞)(A) |Kqac_]m σ̂ijF

det σF ∈ L(∞)(A) ¿½gqampvxqaŁ'c
Gj ∈ L(∞)(A) an©_ac!q ª c
_]G£Kc Si ∈ L(∞)(A) ¿ h²|Kupc!|[£Kc'u!4¦Vl ? K(A2







































θ2 ∈ L(∞)(A) ¿«^_yc'q Dl(det σF ) =
µ + ν pi′l
qa
DlS















i) = pi′l det γF S
i − pil (det γF )2 Dl(det σF ) Si + pil det γF DlSi
= pi′l det γF S


















 ÁNÅ  Á  	   
F = (F 1, . . . , F d) ∈ Sd(n,2)(A)

32
G ∈ S(n,1)(A)    5((
-

























































E(∂iφ(F ) G 1A) = E(φ(F ) Hi(F, G) 1A) .
/)-

































G˜ ∈ ΘF (A) qa



































F = f(V1, . . . , Vn) ∈ S(n,2)(A) 


































pil ∈ L(∞)(A) 
32 pi′l ∈ L(1+)(A)  
-







E(φ′(F ) G 1A) = E (φ(F ) δ(G γF DF ) 1A) + E ([φ(F ), G γF DF ]pi 1A) .
?ﬂ;5A
  Å Å  	 dr|n©vxŁ'c n©_]~n












pil(Vl) |DlF |2 6= 0 ,
= 0
v¯¨
pil(Vl) |DlF |2 = 0 .
^_ac'q





∂Vi(pi(Vl) Q) ∈ L(1+)(A)



















































i ∈ N R|¨½vxqaac'c'qyac'qXn
u©ﬀqaa|Kb"£ﬀupv±¦a§±c!m
|¨§±
ª ν(da) = µ(R)−1 × µ(da) ¿{^_avxmrb$cGﬀqam%n©_]~n







St = x +
Jt∑
i=1
c(Ti, ∆i, ST−i ) +
∫ t
0







c(s, a, Ss−) dN(s, a) +
∫ t
0






















(t, x) → c(t, a, x) 


















	N/- /)- 	N88' 
x







M& |c(t, a, x)|+ |g(t, x)| ≤ K (1 + |x|) 

























St ∈ R AD¦c'ŁGﬀsampcMnp_acMb>sa§¯n©vç´
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¡
c ¸mo|Kb3c·ac!npc'upb$v±qyv±monpv±Ł








a = (a1, . . . , an) ∈ Rn ¿,^|6np_ac'moc yc! qVsab¦Tc!upm
ª
cemomp|NŁ'v¥~n©cn©_acyc!n©c!upb$v±qavxmonpv±ŁMc!wNsaﬀn©vx|Kq
st = x +
Jt(u)∑
i=1
c(ui, ai, su−i ) +
∫ t
0










qn©_ycrmoc!n {Jt = n} Vnp_ac)mp|K§xsyn©vx|Kq St |ﬀ¨? G Av±m{uoc'auoc'moc'qXn©c!
m





ª Φ = Φu(t, x)

0 ≤
u ≤ t  x ∈ R mp|§±synpv±|Kq |¨n©_yce|upavxq]uol3v±qXnpc'Kup§ c'wVs]~n©v±|q
Φu(t, x) = x +
∫ t
u

















s0 = x ,
?[ A
st = Φui(t, sui)
¨I|Ku
ui ≤ t < ui+1 ,




= Φui(ui+1, sui) + c(ui+1, ai+1, Φui(ui+1, sui)) .




















Φui(r, sui) = sr
¨I|Ku









ui ≤ t < ui+1 .
kµv±qaŁ!c
∂xΦu(t, x) = 1 +
∫ t
u




∂xΦu(t, x) = eu,t(x) ,
qa.mpvxqaŁ'c
∂uΦu(t, x) = −g(u, x) +
∫ t
u










q(t, α, x) := (∂tc + g ∂xc)(t, α, x) + g(t, x)− g(t, x + c(t, α, x)) .
êê/Ì
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uj, j = 1, . . . , n
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∂ujsuj− = g(uj, suj−) ,
∂ujsuj = (∂tc + g (1 + ∂xc))(uj, aj, suj−) .
 	
uj < t < uj+1
∂ujst = q(uj, aj, suj−) euj ,t(suj) ,
?ﬂJ5A
∂ujsuj+1− = q(uj, aj, suj−) euj ,uj+1(suj)
∂ujsuj+1 = q(uj, aj, suj−) (1 + ∂xc(uj+1, aj+1, suj+1−)) euj ,uj+1(suj ) .
%)3
!)!* ﬀﬂ	
p ≥ j + 1 








∂ujsup+1 = (1 + ∂xc(up+1, ap+1, sup+1−)) eup,up+1(sup) ∂ujsup .
!F  







∂2ujsuj− = T (g)(uj, aj, suj−) ,
∂2ujsuj = T (∂tc + g (1 + ∂xc))(uj, aj, suj−) .
!F  
ρj(t) = ∂ujeuj ,t(suj )
= euj ,t(suj )
(
−∂xg(uj, suj) + q(uj, aj, suj−)
∫ t
uj





uj < t < uj+1













∂2ujsuj+1 = T (q)(uj, aj, suj−) (1 + ∂xc)(uj+1, aj+1, suj+1−) euj ,uj+1(suj)
+ q2(uj, aj, suj−) ∂
2




+ q(uj, aj, suj−) (1 + ∂xc)(uj+1, aj+1, suj+1−) ρj(uj) .
 	
p ≥ j + 1 /D 2"  
ρj,p(t) = ∂ujeup,t(sup) = eup,t(sup) ∂ujsup
∫ t
up
∂2xg(r, sr) eup,r(sup) dr .

-)ﬀﬂ	
p ≥ j 




∂2ujst = eup,t(sup) ∂
2
uj
sup + ρj,p(t, u, a) ∂ujsup ,
∂2ujsup+1
=∂2xc(up+1, ap+1, sup+1−) (eup,up+1(sup) ∂ujsup)
2







 	   ﬁﬂ 
aj 
$	
t < uj, ∂aj suj(u, a) = 0
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∂ajst = ∂ac(uj, aj, suj−) +
Jt(u)∑
i=j+1











∂2aj st = ∂
2
ac(uj, aj, suj−) +
Jt(u)∑
i=j+1













































= g(uj, suj−) .
^_ac'q
∂ujsuj = ∂uj (suj− + c(uj, aj, suj−))
= ∂tc(uj, aj, suj−) + (1 + ∂xc(uj, aj, suj−)) ∂ujsuj−
= ∂tc(uj, aj, suj−) + (1 + ∂xc(uj, aj, suj−)) g(uj, suj−) .
4|u




=∂ujΦuj (t, suj ) = euj ,t(suj) (−g(uj, suj ) + ∂ujsuj)
=euj ,t(suj )
(−g(uj, suj) + ∂tc(uj, aj, suj−) + (1 + ∂xc(uj, aj, suj−)) g(uj, suj−))
=euj ,t(suj ) q(uj, aj, suj−) .
gqa np_ac6mpb3c3Ł'|Kb$asyn©ﬀn©vx|Kq«Kvx£c'm
∂ujsuj+1− = euj ,uj+1(suj ) q(uj, aj, suj−)
¿ v¯´
q]§±§¯l
∂ujsuj+1 = (1 + ∂xc(uj+1, aj+1, suj+1−)) ∂ujsuj+1−






up ≤ t < up+1  p ≥ j + 1 ﬀqa ª c ª upv¯n©c
∂ujst = ∂ujΦup(t, sup) = eup,t(sup) ∂ujsup ,
qa np_ac·mpb3c$Ł'|b3asµnﬀnpv±|Kq«Kvx£c'm





∂ujsup = ∂uj (sup− + c(up, ap, sup−)) = (1 + ∂xc(up, ap, sup−)) ∂ujsup−

















G¿]fmov±qa¼n©_ycupc'Ł!saupuoc'qaŁ!c,uoc'§±ﬀn©vx|Kqam4? \ AD|qac£Kc'uov ]c!mn©_]ﬀn5¨I|Kuc!£c'uol
t ∈ [0, T ],





















  -!#2 	 






7& 8 |x| ≤ K ﬀﬂ	C(ﬃ, K   -@ﬀﬂ	."'8- n ∈ N 
32 T > 0






0 < u1 < . . . < un < T

a ∈ Rn 
































(t, a, x) ∈ [0, T ]× R× R  @-
|1 + ∂xc(t, a, x)| ≥ η , ?Ù ;5A
|q(t, a, x)| ≥ η .
$
n ∈ N   :2   - )-	N  &, '8
 εn > 0 ﬁ'8- )-
 ﬀﬂ	 6
	




(u, a) ∈ [0, T ]n × Rn
inf
t>uj













0 ≤ s < t ≤ T ¿{^_ac'q|Kqac
c'b$a§x|\lc'm ?(J5A%qy ?  I A2¿
  ﬀ
     "& (   (&    &)"  "  	 ) " ( *  
   "











∆i, i ∈ N ¿.kµ|a ª vxnp_ n©_yc3qa|ﬀnﬀnpv±|Kq ¨Iup|b
êê/Ì
PQOQRS











qy G = σ{Ti : i ∈ N} ¿ ¡ c>uoc'Ł'§±§0n©_aﬀn Jt = n |Kq
{Tn ≤ t < Tn+1}. ^_yc'q ]|Kq {Jt = n} 





aupc£µvx|Ksam)mpc!Ł!npv±|Kq ? moc'c,?\ AA¿
¡ c3mpmosab3c¼np_]ﬀn
n©_ac_XlNT|ﬀn©_ac!mpv±m ;y¿¯·ﬀqa¸N¿x ?Inp_]ﬀnev±m
E (|∆i|p) < ∞ ¨I|Kue§x§

























E (f(∆i) 1I(∆i)) =
∫
I


































α ∈ (0, 1/2) qa β > α qa ª c
ac]qac
pi(y) = (qi+1 − y)α (y − qi)α ¨I|Ku y ∈ (qi, qi+1) , i = 0, . . . , k ,
= 0
¨I|Ku





b = qk+1 = +∞ |Ku a = q0 = −∞  ª c
ac ]qyc







A := {Jt = n}. ¶q.£µvxc ª |¨+?:K A

















































pi(∆i) |∂aist(T1, . . . , Tn, ∆1, . . . ., ∆n)|2
.































i) |∂ac(t, a, x)| ≥ η , ?Ù A
ii) |1 + ∂xc(t, a, x)| ≥ η .

 5
α ∈ (0, 1/2) 
32 β > α   -)ﬁﬀﬂ	F6
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n ≥ 1 
E(φ′(St) ∂xSt 1{Jt=n}) = E(φ(St) Hn 1{Jt=n}) ,
/)-   {Jt = n}
Hn := Hn(St, ∂xSt)
= ∂xSt γSt LSt − γSt < DSt, D(∂xSt) >pi −∂xSt < DSt, DγSt >pi .
êê/Ì
PQOQRS







  Å Å  	 ¾0c!n
n ∈ N∗ ¦c  µc' ¿ ¡ c ﬀ§±upc'yl >Nqy| ª n©_]ﬀn St ∈ S(n,2)(A) ª v¯n©_
A = {Jt = n} ¿
h²|Kupc!|[£Kc'u!





∂xs0 = 1 ,
∂xst = (1 + ∂xc(ui, ai, sui−)) ∂xsui− +
∫ t
ui








i = 1, . . . , n
ﬀupc
¦T|saqaac!²|Kq.n©_ycmpc!n {Jt = n} 4qaŁ'|Kqamoc'wVsac!qVnp§xl
∂xSt ∈ S(n,1)(A) ¿





∂a1st = ∂ac(u1, a1, su1−) +
∫ t
u1
∂xg(r, sr) ∂a1sr dr ,
mp|n©_]ﬀn'asamov±qa ?Ù A




















• kµsayT|Kmocqy| ª n©_]ﬀn n ≥ 2 ¿¶q3n©_yv±m½ŁGmoc ª c ª v±§x§asamocg^_ac!|Kupc!bµ¿Ï
qa$mp| ª c











(1 + |pi′(∆i)|) γ2St
)1+δ]







(qi+1 − y)α (y − qi)α 1(qi,qi+1)(y)
]mo|
pi′(y) = α (qi+1 − y)α−1 (y − qi)α−1 (qi − 2 y + qi+1) vx¨ y ∈ (qi, qi+1)
= 0
vx¨














2 α (1 + δ) < 1
qa
(1 − α) (1 + δ) < 1 ? ª _av±Ł_ vxm
T|Kmompvx¦a§±ce¦Tc!ŁGsympc

































(1 + |pi′(∆i)|) γ2St


































∂an−1st ≥ c > 0
mp|Mnp_]ﬀn
































  @	N75!&  - /0-!&
R  
- /D
  5H  /D#-"
pi = 1





C {Jt = n} ﬀﬂ	 
!)!












































AMn©_]ﬀn,Ł'|qaavxnpv±|Kqa§±§¯lnp| {Jt = n} np_ac·§± ª |¨%np_ac$£c'Łn©|Ku







p(ω, t1, . . . , tn) =
n!
tn
1{0<t1<...<tn<t}(t1, . . . , tn) 1{Jt(ω)=n} .
¶q]un©vxŁ'sa§±u'G¨I|KurKvx£c'q
i = 1, . . . , n
Ł!|Kqaav¯n©v±|q]§±§¯l)n©| {Jt = n} qyenp| {Tj, j 6=
i}  Ti v±mﬂsyqavx¨I|Kuob3§¯l
av±mn©uov±¦asynpc'¼|Kq [Ti−1(ω), Ti+1(ω)] ¿{kµ|v¯n{_]mnp_acac!qampv¯n¶l ? ª v¯n©_
n©_ac
Ł'|qV£c'qXn©vx|Kq
T0 = 0, Tn+1 = t)
pi(ω, u) =
1














pii(ω, u) = (Ti+1(ω)− u)α (u− Ti−1(ω))α 1[Ti−1(ω),Ti+1(ω)](u) , i = 1, . . . , n
ª
vxn©_
α ∈ (0, 1/2) ¿



















A = {Jt = n} ¿%^_yc'qÉ_XlNT|ﬀn©_ac!mpv±mMµ¿xﬀTµ¿Ó$qaµ¿ ;3_a|K§x
n©upsyc,ﬀqa





















pii(ω, Ti) |∂uist(T1, . . . , Tn, ∆1(ω), . . . , ∆n(ω))|2 ,
LiSt = −
(
pi′i ∂uist + pii ∂
2
ui

























     &4
& 2 %-
M&
|q(t, a, x)| ≥ η > 0 ,
|(1 + ∂xc)(t, a, x)| ≥ η > 0 ,
ﬀﬂ	D(ﬃ,
η > 0  
 5
















E(φ′(St) ∂xSt 1{Jt=n}) = E(φ(St) Hn 1{Jt=n}) ,
/)-   {Jt = n}
Hn := Hn(St, ∂xSt)























































< ∞ ¿ ¡ c
ac!qa|n©c





















1, . . . , n
E







)−2(1+η) < ∞ .
êê/Ì
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)−2(1+η) < ∞ .
kµv±qaŁ!c

































































η > 0 
6Á  a 		
	 $	
n = 1
   ﬃ 
  ( 	1	N!)!#
	 
















	81  5!&M  -















n = 3 
		
	








dSt = St (r dt + α(t, a) dN(t, a)) .
¶qnp_av±mŁ'mpc
g(t, x) = x r
qa




q(t, a, x) = x ∂tα(t, a) + x r α(t, a) + x r − r(x + x α(t, a)) = x ∂tα(t, a) .
¶q·]un©vxŁ'sa§±u'Kv¯¨
α










Ł!|Kqaav¯n©v±|q |1 + ∂xc(t, a, x)| ≥ η uocGym
|1 + α(t, a)| ≥ η .
• ¡ c
Ł'|Kqympv±yc'u)qa| ª  mov±Ł'cO>·n¶lNTceb$|µac!§B
dSt = St r dt + α(t, a) dN(t, a) .
êê/Ì
PQOQRS








g(t, x) = x r
qa











|α(a)| ≥ ε .
^_ac
Ł'|Kqayvxn©vx|Kq |1 + ∂xc(t, a, x)| ≥ η upc'am
|1 + α(a)| ≥ η .












Vi = Ti, i = 1, . . . , n
ﬀqa
Vn+i = ∆i, i = 1, . . . , n







DiSt = ∂uist(u1, . . . , un, ∆1(ω), . . . , ∆n(ω)), i = 1, . . . , n








pii(ω, u) = (Ti+1(ω)− u)α (u− Ti−1(ω))α 1[Ti−1(ω),Ti+1(ω)](u) , i = 1, . . . , n
pii(y) = pi(y) =
k−1∑
p=1
(qp+1 − y)α (y − qp)α 1(qp,qp+1)(y) , i = n + 1, . . . , 2n ,
ª
_ac'uoc






















′ + pi ρ′)(∆i) ∂aist
)
¨I|Ku






























i) |q(t, a, x)| ≥ ε > 0 ,
ii) |∂ac(t, a, x)| ≥ ε > 0




n ≥ 1 
32 6
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E(φ′(St)∂xSt 1{Jt=n}) = E(φ(St) Hn 1{Jt=n}) ,
/)-   {Jt = n}
Hn := Hn(St, ∂xSt)










pin(ω, Tn) |∂unst|2 + pi(∆n) |∂anst|2
)
(T1, . . . , Tn, ∆1, . . . , ∆n)
≥ ε2 (pin(ω, Tn) + pi(∆n)) ,
¨I|Ku{mp|Kb$c
ε > 0
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St = x +
∫ t
0






































∂xE(φ(ST )) =E (φ
′(ST ) ∂xST )
=E
(











n ≥ 1  ª csamoc%n©_ac%vxqXn©c'u©ﬀnpv±|Kq>¦Xl,]un©mﬂ¨I|Kuob>sa§¥r|Kq {JT = n} Kqa ª c|K¦ynﬀv±q
E
(
























∂xE(φ(ST )) = E
(







































c5samocMh²|qVnpc´ Ê%up§x|g§xK|Kuovxn©_yb²¿ ¡ cDmov±b>sy§¥ﬀnpc
mpb3y§±c
(


























































• ¡ c ]uomon)monpsayl3n©_acav¯³Rsympv±|q6aup|NŁ'c!mpmac]qac!²¦Xl ?:K A¿ ¡ cM_]G£c,ﬀq cµa§±vxŁ'v¯n
cµaupc!mpmov±|Kq²|¨
ST
|Kq {JT = n} B
ST = x e



























pi(ω, ∆i) = 1
4qy|q {JT = n}











n©_]ﬀn n ≥ 4 qa JT = n ¿ ¡ c
sampc
n©_ac ª c'vxK_Xn©m




δi = Ti − Ti−1 ¿{^_ac!q












LiST = −σ r ∆i e−r (T−Ti)
(
r pii + α (δi+1 δi)












Aj = α (δj+1 δj)
α−1 ∆2j e






2 r pij + α (δj+1 δj)




DjσST = (σ r)
2 e−2 r T (Aj−1 δj−1 − Aj+1 δj+2 + Bj) .
h²|Kupc!|[£Kc'u
∂xST = e
−r T mp|¼np_]ﬀn Di∂xST = 0
¨I|Ku)§±§

















r Ti (r pii + α (δi+1 δi)


































• ¡ c,mon©syyl²np_acr}osab$yvx³Tsampvx|Kqauo|µŁ!c'momMac aqac' ¦Xl ?Ù
J A2¿  q {JT = n}  ª c
_]G£Kc

























































































































V ariance(St) = x
2 e2 r t
(
eσ














σ ∈ [0.1, 0.6] 





V ariance(St) = 2 α e


















σ ∈ [16, 50] ? qa|ﬀn©v±Ł!cenp_]ﬀnMnp_ac¼aupŁ!npv±Ł'vxc'qamsampc σ = 20 n©| 30 vxqn©_yc  mpvxŁ'cO>
b3|Nac!§)A
1471.3 ≤ V ariance(ST ) ≤ 8563.69 ¿
êê/Ì
PQOQRS




































































		    ﬂ ﬂy







 0  10000  20000  30000  40000  50000  60000  70000  80000
Nb MC
Delta of a call European Option Estimator , Geometric model, K=S0=100,T=5,r=0.1,λ=1,σ=0.2







σ V ariance(ST ) V arMall V arDiff
0.1 1405.06 0.0717191 0.0697713
0.2 6183.72 0.345008 0.355809
0.3 16005.5 0.764091 0.752288
0.4 42590.8 1.33515 1.35804
0.5 69018.7 3.54353 2.87681
0.6 130425 4.65282 3.79088
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 0  5000  10000  15000  20000  25000  30000  35000  40000  45000  50000
Nb MC
Delta of a call European Option Estimator , Geometric model, K=S0=100,T=5,r=0.1,λ=1,σ=0.2
using All Jump Amplitude
Finite Difference
v±Ksyupc"B Ec'|Kb$c!npupvxŁG§Vb$|µac!§Ù¿ Lgc'§¯nM|¨ﬀq {sauo|KcGq¼avxKvxn©§V|Kynpv±|Kq>sympv±qyeh§±§xv¯´
[£NvxqŁ'§±Ł!sa§±sym¦]mpc!|Kq np_ac5}osab3b$a§xvxn©syac'm!aqa ]qav¯n©cav¯³Rc!upc!qaŁ'c
b$c!n©_y|µ ¿
σ V ariance(ST ) V arMall V arDiff
0.1 1405.06 0.000263425 0.00102718
0.2 6183.72 0.000917207 0.00164801
0.3 16005.5 0.000885212 0.00117345
0.4 42590.8 0.000685313 0.0013196
0.5 69018.7 0.000531118 0.000917399













G5|n©_ n©_yc Kupa_ qa np_acO£ﬀupv¥ﬀqaŁ'cOn¦y§±cOmp_a|
ª
np_]ﬀn.¨I|Ku²­avxKvxn©§M|Kµn©v±|q np_ac
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 0  10000  20000  30000  40000  50000  60000  70000  80000
Nb MC
Delta of a Call European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,λ=1,σ=50
using All Jump Amplitude
Finite Difference
v±Ksyupc;B  mpvxŁ'c> b$|Nac'§:¿,Lgc!§xn©²|¨%q {sauo|KTc'q Ê%ﬀ§±§{|Kynpv±|KqOsamov±qaÉh§x§±v¥G£Nv±q











σ V ariance(ST ) V arMall V arDiff
15.8114 796.241 0.0106426 0.0300379
16.6667 897.577 0.0115955 0.0298567
17.6777 991.453 0.013123 0.0298904
18.8982 1134.11 0.0144516 0.0299574
20.4124 1313.42 0.0162378 0.029862
22.3607 1584.9 0.0178726 0.0298987
25 1967.53 0.0202055 0.0299007
28.8675 2604.22 0.0224265 0.0299651
35.3553 3961.31 0.0253757 0.0297775
50 7890.4 0.0287716 0.0299749
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 0  10000  20000  30000  40000  50000  60000  70000  80000
Nb MC
Delta of a Digital European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,λ=1,σ=50
using All Jump Amplitude
Finite Difference
v±Ksyupc) B  mov±Ł!c>¼b$|µac!§Ù¿0Lgc'§¯n,|ﬀ¨q {sauo|KcGq Lv±Kv¯n§a|yn©vx|Kq·samov±qa>h§x§±v¥G£Nv±q











σ V ariance(ST ) V arMall V arDiff
15.8114 796.241 7.18878e− 005 0.00514743
16.6667 897.577 7.3629e− 005 0.00459619
17.6777 991.453 7.85552e− 005 0.00496369
18.8982 1134.11 8.14005e− 005 0.00477995
20.4124 1313.42 8.1627e− 005 0.00386111
22.3607 1584.9 8.06193e− 005 0.00496369
25 1967.53 7.94341e− 005 0.0062497
28.8675 2604.22 7.5835e− 005 0.00551488
35.3553 3961.31 6.95225e− 005 0.00459619
50 7890.4 5.64325e− 005 0.00533116
^¦y§±c
 B  ﬀmpv±Ł!c> b$|µyc'§Ù¿  uov¥qaŁ!c
|¨np_ac>h²§±§xv¥G£Nv±q c'mn©vxb·ﬀnp|Ku|¨ﬂnp_aceac'§¯n$qa
£ﬀupv¥ﬀqaŁ'c|¨n©_yc,0LÇ|qac¨I|KuCLgv±vxnﬀ§R|Kynpv±|KqR¿
G5|n©_ n©_yc Kupa_ qa np_acO£ﬀupv¥ﬀqaŁ'cOn¦y§±cOmp_a|
ª
np_]ﬀn.¨I|Ku²­avxKvxn©§M|Kµn©v±|q np_ac
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 0  10000  20000  30000  40000  50000  60000  70000  80000
Nb MC
Delta of a Call European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,λ=1,σ=50
Loc,using Times of Jump
Finite Difference












σ V ariance(ST ) V arMall V arDiff
15.8114 796.241 0.0285123 0.0300379
16.6667 897.577 0.0417219 0.0298567
17.6777 991.453 0.0400695 0.0298904
18.8982 1134.11 0.0410136 0.0299574
20.4124 1313.42 0.0433065 0.029862
22.3607 1584.9 0.0400481 0.0298987
25 1967.53 0.0407136 0.0299007
28.8675 2604.22 0.0362728 0.0299651
35.3553 3961.31 0.0343158 0.0297775
50 7890.4 0.0333298 0.0299749
^¦y§±c:B£ﬀupv¥ﬀqaŁ'c>|ﬀ¨ np_ac$h§x§±v±[£Nvxq^v±b$c'mg|¨ }osab3 c!monpv±b3ﬀn©|Ku|¨ n©_ac¼ac!§xn© qa
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 0  10000  20000  30000  40000  50000  60000  70000  80000
Nb MC
Delta of a Digital European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,λ=1,σ=50
using Times of Jump
Finite Difference












σ V ariance(ST ) V arMall V arDiff
15.8114 796.241 0.00144622 0.00514743
16.6667 897.577 0.00254652 0.00459619
17.6777 991.453 0.0018011 0.00496369
18.8982 1134.11 0.0109864 0.00477995
20.4124 1313.42 0.00177648 0.00386111
22.3607 1584.9 0.00152777 0.00496369
25 1967.53 0.0013786 0.0062497
28.8675 2604.22 0.00100181 0.00551488
35.3553 3961.31 0.000617271 0.00459619
50 7890.4 0.000373802 0.00533116
^¦y§±cB  mov±Ł!c>b3|Nac!§Ù¿  upv±qaŁ'cr|¨Tn©_acMh§±§xv¥G£Nv±q¼^vxb3c!mD|¨V}osab$·c'mn©vxb·ﬀnp|Ku{|¨
n©_ac
ac!§xnqy.£ﬀuov¥qyŁ'c|¨n©_ace L ¨I|KuCLgvxKvxn©§R|yn©vx|Kq ¿
G5|n©_ n©_yc Kupa_ qa np_acO£ﬀupv¥ﬀqaŁ'cOn¦y§±cOmp_a|
ª
np_]ﬀn.¨I|Ku²­avxKvxn©§M|Kµn©v±|q np_ac
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 0  10000  20000  30000  40000  50000  60000  70000  80000
Nb MC
Delta of a Call European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,λ=1,σ=50
using Times of Jump
Finite Difference
using All Jump Amplitude
v±Ksyupc$:B  mpvxŁ'c> b$|Nac'§:¿,Lgc!§xn©²|¨%q {sauo|KTc'q Ê%ﬀ§±§{|Kynpv±|KqOsamov±qaÉh§x§±v¥G£Nv±q











σ V ariance(ST ) V arMallJT V arMallAJ V arDiff
15.8114 796.241 0.0285123 0.0106426 0.0300379
16.6667 897.577 0.0417219 0.0115955 0.0298567
17.6777 991.453 0.0400695 0.013123 0.0298904
18.8982 1134.11 0.0410136 0.0144516 0.0299574
20.4124 1313.42 0.0433065 0.0162378 0.029862
22.3607 1584.9 0.0400481 0.0178726 0.0298987
25 1967.53 0.0407136 0.0202055 0.0299007
28.8675 2604.22 0.0362728 0.0224265 0.0299651
35.3553 3961.31 0.0343158 0.0253757 0.0297775
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 0  10000  20000  30000  40000  50000  60000  70000  80000
Nb MC
Delta of a Digital European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,λ=1,σ=50
using All Jump Amplitude
Finite Difference
using Times of Jump
v±Ksyupc JB  ﬀmpv±Ł!c>«b3|Nac!§Ù¿ Lgc!§xn©|¨rq {sauo|KTc'q LgvxKvxn©§½|Kyn©vx|Kq¸samov±qa h§±§xv¯´











σ V ariance(ST ) V arMallJT V arMallAJ V arDiff
15.8114 796.241 0.00144622 7.18878e− 5 0.00514743
16.6667 897.577 0.00254652 7.3629e− 5 0.00459619
17.6777 991.453 0.0018011 7.85552e− 5 0.00496369
18.8982 1134.11 0.0109864 8.14005e− 5 0.00477995
20.4124 1313.42 0.00177648 8.1627e− 5 0.00386111
22.3607 1584.9 0.00152777 8.06193e− 5 0.00496369
25 1967.53 0.0013786 7.94341e− 5 0.0062497
28.8675 2604.22 0.00100181 7.5835e− 5 0.00551488
35.3553 3961.31 0.000617271 6.95225e− 5 0.00459619
50 7890.4 0.000373802 5.64325e− 5 0.00533116





qa.|¨n©_ace L ¨I|KuCLgvxKvxn©§R|Kµn©v±|q ¿
G5|n©_ n©_yc Kupa_ qa np_acO£ﬀupv¥ﬀqaŁ'cOn¦y§±cOmp_a|
ª
np_]ﬀn.¨I|Ku²­avxKvxn©§M|Kµn©v±|q np_ac
§±K|upvxnp_ab+¦ampc!|Kqn©_ac>h§±§xv¥G£Nv±q Ł'§±Ł!sa§±sam)vxmmov±Kqav ]ŁGﬀqVnp§xl ¦c!non©c!urnp_]q²np_ac|qac
¦]mpc!²|qnp_ac ]qavxnpcavx³Tc'uoc'qaŁ!c¿
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]|Ku6 avxmpŁ'|qVnpv±qVsa|Ksym ]GlK|³ ? m v±qºnp_ac avxKvxn©§)|Kyn©vx|KqamNA)n©_acO§xK|Kuovxn©_yb3m
¦]moc' |Kq np_ac h²§±§xv¥G£Nv±q«ŁG§xŁ'sa§xsam ?
ª
vxnp_¸upc!mpc'Ł!nn©|np_ac·n©vxb3c$b$|Kb3c!qXn©me|Ku
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  J,h ¿ ,¿{¿%Lg[£Nvxm·qyºh ¿
 
|K_aqampmo|Kq ¿ºh§±§xv¥G£Nv±q¬h|KqXn©cÊ%up§x| Eupc!c>Vm¨I|Ku
















































































 ('8-' !.  @	N
!   
D
32 !.  C5



















¿ gvx£Kc!m'¿ gqXn©vxŁ'v±aﬀn©v¯£Kc ŁGﬀ§±Ł'sy§±sam ¨I|KuÉnp_ac z|Kv±momp|Kq¤auo|ﬀ´
Ł'c'mom¦]ﬀmpc' |Kq n©_ac3]|µŁ8>mp]Ł!c¿ (ﬃ 	1	N
8

 )    8'

 




















































































































Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
  	


  
ISSN 0249-6399
